Let (R, M) denote the unitary left module M over the ring R, and let E(R, M) denote the ring of all R endomorphisms of M. The purpose of this note is to show that the technique used by Kaplansky in [3] can be used to prove the following:
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Theorem. For i = 1,2 let Mi be a torsion-free module over the complete discrete valuation ring Rit and suppose a is an isomorphism of E(Ri, Mi) upon E(R2, M2). Then the modules Mi and M2 are either both nondivisible or both divisible. In the first case, there exists a one-one semilinear mapping V of (Ru Mi) onto (R2, M2) such that S"= V~lSV for each S in E(Ri, Mi). In the latter case, Mi is a vector space over Ki (the quotient field of Ri) and a is induced by a one-one semilinear transformation of (Ki, Mi) upon (K2, M2). Lemma 1. Let R be a complete discrete valuation ring, and M a torsion-free R module which is not divisible. Then the center of E(R, M) is R. M2 = P(BQ, with P, Q proper submodules. Let e he the projection on P which annihilates Q; then e(l-e)=0 where 1 is the identity endomorphism, showing that E(R2, M2) has proper zero divisors. By
Corollary 2 to Theorem 23 of [3] , M2 is either isomorphic to R2 or to K, the quotient field of R2. If M2 is isomorphic to K, EiR2, M2) = £(P2, K) =£(A, K) (by Lemma 2), hence is isomorphic to K. But then Pi is isomorphic to K, and hence is a field, contradicting the hypothesis. Thus M2 is cyclic and isomorphic to P2.
Proof of theorem. We consider first the case in which neither Mi nor M2 is divisible. Then neither Pi nor P2 can be fields, since vector spaces over fields are divisible modules.
By Theorem 3 and Corollary 1 to Theorem 23 of [3] , Mi = Rxx@Q with xEMi. Let e he the projection on Pix which annihilates Q, and put e"=f. By We can now proceed as in [3 ] to show that F is a one-one semilinear mapping of (Pi, A7i) onto (P2, Mi) that induces the ring isomorphism a. Now assume it possible that M2 is divisible but that Mi is not. Then Pi is not a field. We proceed as in the previous case, to conclude that M2 has an indecomposable direct summand M2f isomorphic to P2. As a direct summand of a divisible module, M2f is divisible and hence also isomorphic to K2. Thus P2 is isomorphic to K2, and is thus a field. By Lemma 1, the center of £(Pi, Mi) is Pi. The center of the ring of linear transformations of a vector space over a field consists of the scalar multiplications; so the center of E(R2, M2) is i?2. Since the isomorphism a induces an isomorphism of the centers, we have i?i and R2 isomorphic, which is a contradiction since R2 is a field, while i?i is not.
Finally, suppose Mi and M2 are both divisible. By [3, Theorem 4] they are vector spaces over K\, and K2 respectively. By Lemma 2, E(Ri, Mi) =E(Ki, Mi), i=l, 2. We may therefore apply the theorem on isomorphisms of rings of linear transformations [l, p. 183] to conclude the existence of a semilinear transformation of (Ku Mi) onto (K2, M2) which induces a. Remark 1. In the case in which Mi and M2 are divisible, there need not exist a semilinear mapping of the module (Ri, Mi) onto the module (i?2, Mi). For let R be a complete discrete valuation ring which is not a field, and let K be its quotient field. Then if we put Mi=M2 = K, and i?i = i?, R2 = K we have E(RU Mi) and E(R2, M2) isomorphic by Lemma 2. The existence of a semilinear mapping would make R and K isomorphic, a contradiction.
Remark 2. If M is a torsion-free module over the complete discrete valuation ring R (with quotient field K) then it follows from Lemmas 1 and 2 that the center of E(R, M) is either K or R depending on whether M is divisible or not. Hence any automorphism of E(R, M) leaving the center elementwise fixed is inner. This latter statement is stated as an exercise in [3, p. 73, problem 98] .
